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1 INTRODUCTION 

The relativistic two-body problem attracts attention in both quantum mechanics of point particles 
and field theory [|]]-||. To formulate the problem we usually assume that two or many body systems 
are described by a composite field. This is general in all formulations. What brings a difference is 
variational principle. 

We can rewrite the action of the two-body system entirely in terms of the composite field and 
then require the action to be stationary with respect to the variations of this field only. This leads 
to a single two-body equation |J. However, if we first vary the action with respect to the individual 
fields, then we come to a pair of coupled equations on the composite field |J[ f|. These two different 
types of variational principles produce therefore different types of two-body equations. 

In the present paper, we aim (i) to compare the two formulations for the (1 + l)-dimensional 
quantum electrodynamics (QED) known as the Schwinger model (SM) and (ii) to solve exactly 
the two-body problem for this model in the massless case. QED in lower dimensions is interesting as 
a simpler model for discussion of many body aspects of particle physics, for example, spontaneous 
positron production by supercritical potentials ||. Moreover, under certain conditions such lower 
dimensions may be physically realizable in condensed matter and statistical systems ||. There is a 
discussion of many-body problems in (1 + l)-dimensions, however under instantaneous phenomeno- 
logical, e.g., ^-functional potentials pTGfl . 

We use the self-field version of QED which is a first-quantized theory, so both matter and 



electromagnetic fields are not quantized. The electromagnetic field has no separate local degrees of 
freedom and can be eliminated between the coupled Maxwell-Dirac equations, but then we must 
include nonlinear self-field terms. We consider two matter Dirac fields coupled to a U(l) gauge or 
electromagnetic field and work on the circle where the electromagnetic field has a global physical 
degree of freedom. 

Our paper is organized as follows. In Sec. 2 , for our two-body system we present two alternative 
formulations based on the variational principles mentioned above and derive the corresponding two- 
body equations in configuration space. We give the Hamiltonian form of these equations in both 
cases. The single two-body equation formulation is one-time formulation. In contrast the formulation 
with the composite field governed by two coupled Dirac equations has two time coordinates and 
includes the relative energy. In Sec. 3, we find the eigenfunctions and the spectrum of the two-body 
Hamiltonian in the single two-body equation formulation with massless matter fields. In ||T2| we 
solved this problem with the self-potentials neglected. Now we treat the case of the massless matter 
fields completely. We take into account in the two-body equation the self-potentials responsible for 
the radiative corrections and solve it exactly, i.e., get the exact and complete solution of the two-body 
problem. In Sec. 4, we consider the eigenvalue problem for the two-body Hamiltonian in the pair 
of Dirac equations formulation as well. We prove that both formulations lead to the same spectrum 
and are therefore equivalent to each other. Sec. 5 contains our conclusions. 

2 TWO-BODY SYSTEM 

The action of the system is 

/oo rL ^ j 
dt dxJ2{^k^(^-e k A^ k -m k ijM--F lJlu F^} 7 (2.1) 
-oo JO ^ ^ 4 

where (/i, v = 0, 1), 7 = — ia 2 , 7°7 1 = 7 5 = cr 3 , (jj (i = 1, 3) are Pauli matrices. The fields ip k are 
2-component Dirac spinors, and ip k = ^7°- 
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We suppose that space is a circle of length L, < x < L , and impose the following boundary 
conditions for the fields 

A^L,t) = A^0,t), 

Mht) = e i2 ™*Vfc(0,t), fc=l,2, 

Ki, «2 being arbitrary numbers. The charges e\ , e 2 are not arbitrary on the circle, one of the charges 
must be a multiple of another [I3|. 
We work in the Coulomb gauge 

A x {x,t) =b(t), 

where 

1 r L 



1 

bit) = - / dxAAxjt) 
L Jo 



is the electromagnetic field global degree of freedom. 

The electromagnetic field equations deduces from the action ( |2.1| ) are 

d v F v * = J", (2.2) 

where the total matter current 

2 

k=i 

is conserved , <9 M J M = 0. 

If we solve the electromagnetic field equations, express A^ in terms of J M and insert the expressions 
obtained into (2.1), then we get the action written in terms of the matter fields 

/oo rL 2 j poo rL rL 

dt dxJ2Ml^9 ti -m k )ilj k + - dt dx dyJ°{x,t)D{x,y\L)J°{y,t) 
-00 Jo 2 J-00 Jo Jo 

I roo rL 

dt dxJ l {x,t)b(t). (2.3) 



2 J-00 jo 

The last term represents the interaction of the matter currents with the global electromagnetic field 
degree of freedom b, while the middle term is a sum of current-current interactions containing both 
the mutual and self-interaction terms. 
The Green's function in ( |2.3|) is 

nf ix ^ 1 1 1 , X V 

D{x,y\L) = -\x -y\ + -r- 

2.1 First formulation: single two-body equation 

Following the relativistic configuration space formalism ||, we define the composite field 

$(xi,t\x2, t) = 1pi(X!,t) <g> i>2(x 2 , t), 

which is 4-component spinor field. The configuration space (xi,X2) is a torus with the circle length 
(0 < xi < L , < x 2 < L) . 
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We can rewrite our action (|2.3| ) entirely in terms of the composite field $. In order to do this we 
multiply the kinetic energy terms with the normalization factors 

L 

dx^l{x,t)i) k {x,t) = 1, k = l or 2. (2.4) 



o 

We have to do this twice on the self-interaction terms. The resultant action is 

dt / dx x / dx 2 $(x 1 , t\x 2 , £){(7>(i), M - ® 7 ° + 7 ° <g> (7>(2),„ - m 2 ) 

-oo JO JO 

+I( 7 o g, /)( ei ^ + e 2 0g f ) - lexftCT 1 ® 7 °) - \e 2 b(l° ® 7 1 ) 

+ e ie2 ( 7 ® 7°)£>K, x 2 |L)}$(x 1; t|x 2 , t), (2.5) 



where 



and 



P(0 



d 



i 



»~ dxT 



0g f (x 1; t) = e a ^ rfy ^ tfcZ>(an, z|L)$(z, % t)( T ° ® 7 °)$(z, t|y, *), 

0g f (x 2 , t) = e 2 jf L cfy £ dzD(x 2 , y\L)${z, t\y, t)( 7 ° ® 7°)$(z, % *), 

the self-potentials being non-linear integral expressions. The spin matrices are written here in 
the form of tensor products ®, the first factor always referring to the spin space of particle 1, the 
second to particle 2. 

Let us note that the last term in ( |2.5| ) can also be put into the self-potentials 0^ f , one half for 



each particle; the total potentials then take the form 



where 



self (x,t) = / L rfy [ L ' dz(e 1 D(x,z\L)+e 2 D(x,y\L)Wz,t\y,t)(>f ®j )<f>(z,t\y.t). (2.6) 
JO Jo 

We must now specify a variational principle for the matter fields. We could vary the action with 
respect to individual fields and ip 2 separately. This results in non-linear coupled equations for 
these fields (see below). Instead, we require the action (|2.5|) to be stationary with respect to the total 



composite field only. This is a weaker condition which leads to the following two-body equation 
{(7>(i),„ - mi) ® 7° + 7° ® irfPm* - m 2) + (7° ® 7°)(ei0g f + e 2 0g f ) 

- \eiKi 1 ® 7°) - ^e 2 6( 7 ° ® 7 1 ) + eie 2 ( 7 ° ® 7°M^i, x 2 |L)}$(xi, t|x 2 , t) = 0. (2.7) 



If we define the generalized (kinetic) momenta as 
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with 

/(self A se lf /I self J,self 

^(1),0 = ^(1) > /1 (2),0 = <P(2) ) 

4 self _ /i self _ }_v 
~ /1 (2) i l — ~2 

then the two-body equation takes the compact form 

{(fir(i),„ - mi) ® 7° + 7°(7 M7r (2),/i - m 2 ) + eie 2 ( 7 ° ® 7°)^(^i, x 2 |L)}$(xi, t|x 2 , t) = 0. (2i 
In the center of mass and relative coordinates 

II = 7T(i) + 7T( 2 ) , 7T = 7T (1 ) - 7T( 2 ) , 

^ = P(l) + P(2) , P = P(l) - P(2) , 
X_|_ = Xi -)- X 2 5 X_ = Xi — x 2 , 



the configuration space (x_,x + ) is again a torus, but with the circle length 2L (— L < x_ < L, 
< x + < 2L) , while the function D(xi,x 2 \L) becomes a sum of center of mass and relative parts 



depending only on x_ and x + , respectively, 

D(x 1 ,x 2 \L) = D_(x_|L) + J D + (x + |L), 
D-(x-\L) = -|x_| - —x 2 _, 

D + (x + \L) = ^rx\. 

Eq.(|2.8|) , without the self- field terms, becomes 

{F^ + fc% + eie 2 (7° <g> 7 °)L> - m x (l ® 7 °) - m 2 ( 7 ° <g> /)}$(x_, t|x+, t) = 0, (2.9) 
where we have introduced 

F = ^(7 At ®7° + 7°®7 M ) 

F = i( 7 M ®7° -7°®7 M ), 

and J is identity matrix. Since /c° vanishes, the zero component of p^ , i.e., the relative energy p Q 
drops out of the two-body equation automatically. Thus we have only one time variable conjugate 
to the center of mass energy P , one degree of freedom for the center of mass momentum P l and 
one degree of freedom for the relative momentum p 1 . By multiplying (|2.9| ) by Tq 1 we obtain the 
Hamiltonian form of the two-body equation 

P $ = {a+P 1 + a-p 1 - e x e 2 D + ftmi + f3 2 m 2 }$, (2.10) 

with 

a± = -(ai±Qt 2 ), «i = 7 5 ® I, a 2 = /®7 5 , 



AEE7 ®/, /3 2 EE/® 7 °, 
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and the relative and center of mass terms in the Hamiltonian Pq being additive, 

Pq = Hem. + -f^reb 

H c . m . = a+P 1 - eie 2 -D+, 
H re \ = a-p 1 - eie 2 -D- + fi\m\ + (3 2 m 2 . 



Eq. fl2.10| ) has the form of a generalized Dirac equation, now a 4-component wave equation. 



The commutation relations for the matrices a±, f3 2 are 

= = 0, /3 x /3 2 = /3 2 (3i = 7° <8> 7°, 

a±/?i + fta± = ±7° <g> 7 5 , a±/? 2 + /?2«± = 7 5 ® 7°, 

and 

4 = ~ (/ ® I ± 7 5 ® 7 5 ) , Pl = Pl = I®I. 
With the self-potential terms included, the Hamiltonian form of the two-body equation becomes 
P $o = WIT 1 + cx-TT 1 - (j) - ei0g f - e 2 0g f + Ami + /3 2 m 2 }$, (2.11) 

where 

= 0+ + 0-, 

0± = e 1 e 2 D±. 

The self-potentials break in general the above mentioned additivity of the center of mass and relative 
parts of P . 

2.2 Second formulation: pair of Dirac equations 



Let us use now a different variational principle and vary the action fl2.3|) with respect to each 
field ipk separately. In this way we come to a pair of coupled nonlinear equations 

(yify - mi)ih(x,t) - ^ei&(t) 7 ViOr,t) +e x t dyD{x,y\\ J )f i {y,t)'f^x{x,t) = 0, (2.12a) 



( 7 A» i9 _ m2 )^ 2 ( x , t) - I e2 6(t) 7 V 2 (x, t) + e 2 / L dyD(a:, y\L) J°(y, t)j ^ 2 (x, t) = 0. (2.12b) 



A Jo 
To describe our two-body system we define the composite field 

${x 1 ,t 1 \x 2 ,t 2 ) = ifiiixxfh) ® i/i 2 (x 2 ,t 2 ) 

composed of the individual matter fields at different times. Multiplying Eq.(2.12a) taken at (x,t) = 
(xi, ti) by r y°ip 2 (x 2 , t 2 ) and Eq.(2.12b) taken at (x, t) = (x 2 , t 2 ) by 7°V'i(^i) *i) as well as the nonlinear 
self-field terms in both equations by the normalization factors leads to 

G^x^t^M) = {{l*P(i),» - mi) ® 7 ° - -ei&(ti)(7 1 ®7°) 

+ (7 O ®7 O )ei0 sclf (l)}$(^i^ik2,t 2 ) =0, (2.13a) 
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G 2 &(x 1 ,t 1 \x2,t 2 ) = {7° ® (7>(2), M - m 2 ) - ie 2 6(t 2 )(7° ® 7 1 ) 

+ (7°®7°)e 2 self (2)}$(x 1 ,t 1 |x 2 ,t 2 ) =0, (2.13b) 

where the self-potential is 

self (x|ti,t 2 ) = / L rfy [ L ' dzD{x,y\L){e^{yM\zM){l° ® j°My,ti\z,t 2 ) 
Jo Jo 

+e 2 $(z, t 2 \y, £i)( 7 ° ® 7°)$(z, t 2 |y, *i)}, 

and 

self (1) = sclf (xi | ti ^ 2); self (2) = ^self ^ ^ ^ 

i.e., we have a pair of Dirac equations on $ instead of a single one in the first formulation. For 
ti — t 2 = t, self t) coincides with the self-potential 4> selt (x, t) given by ( |2.6| ). 
The compatibility condition for the two equations is 

[G 1 ,G 2 ].$ = 0. (2.14) 

It can be checked that this condition reduces to 

d0 sclf (l) _ <90 self (2) roi ,, 
ei_ 0fe~~ - 62 ^^' (2 ' 15) 

i.e. requires a specific time dependence of the self-potentials. 
Taking the sum and the difference of Eqs.(2.13a-b) we get 

{(Ai),, - ™i) ® 7° + 7° ® (7 m P (2) ,m - + (7° ® 7°)(ei0 self (l) + e 2 sclf (2)) 



- ^e 1 6(t 1 )( 7 1 ® 7 °) - ie 2 6(t 2 )(7°®7 1 )}$(x 1 ,t 1 |x 2 ,t 2 ) = 0, (2.16a) 

and 

{(7>(i),/, - mi) ® 7° - 7° ® (7>(2), M - ma) + (7° ® 7°)(ei<T lf (1) - e 2 sclf (2)) 

- I ei 6(t 1 )( 7 1 ® 7°) + ^e 2 6(t 2 )( 7 ° ® 7 1 )}$(^i^ik2,t 2 ) = 0. (2.16b) 

The first equation is in fact the two-body equation derived earlier with the Coulomb potential 
included into the self-potentials, the only difference being in the number of time variables, while 
(2.16b) is a new equation on $. 

To make clear the nature of the new equation, we use again the center of mass and relative 
coordinates. Acting along similar lines as above, we obtain the Hamiltonian form of the equations 
on $ : 

P $ = {a+n 1 + a-vr 1 - ei0 self (l) - e 2 sclf (2) + fcm, x + p 2 m 2 }$, (2.17a) 



p $ = {a+n 1 + c^n 1 - ei sclf (l) + e 2 sclf (2) + A™i - /3 2 m 2 }$. (2.17b) 

In addition to the two-body equation we have therefore an equation which includes the relative 
energy pq. While the center of mass energy plays the role of the "Hamiltonian" of the two-body 
system, the relative energy (or its conjugate variable, the relative time) is an unphysical variable and 
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must be eliminated to avoid possible unphysical effects, for example, relative energy excitations in 
the spectrum. 

In the spectrum problem we can simply put 

Po® = 0, (2.18) 

i.e., assume that $ does not depend on the relative time r = t\ — t%. We could also start from 
the beginning with the field $ composed of the individual matter fields taken at the same time 
ti = £2 = t. Then the compatibility condition of the two Dirac equations would be 

^-(e^ixut) -e 2 8elf (z2, *)) = 0. (2.19) 
at 

We shall continue our discussion of the pair of Dirac equations formulation in Sec. 4. 



3 MASSLESS CASE 

There are three types of interactions in the first quantized two-body Hamiltonian P , namely, 
interaction described by the self-potentials , interaction between the matter fields and global electro- 
magnetic field degree of freedom and the Coulomb interaction . All these interactions influence the 
spectrum, the self-potentials being responsible for radiative processes. 

Let us find the eigenfunctions and the spectrum of Pq in the single two-body equation formulation. 
The consideration below is at fixed time t = 0. The equation for the eigenfunctions is 

(a+n 1 + a-vr 1 + fcm x + /5 2 m 2 )$ = (E + V)$, (3.1) 

where 



and 

If we denote the components of $ as 



K(x-,x + ) = + e 1 0g f + e 2 0f 2 1 ) f . 



then ( |3.1|) reduces to the system of four equations 



d 1 
2i-^—ri 1 - (V + E + -(ei + e 2 )%i = -m 1 77 3 - m 2 r/ 2 , 

.9 1 
2i-^-r] 4 + (V + E - -(ei + e 2 )b)r] A = + m 2 r] 3 , (3.2) 

d 1 
2i-^-r} 2 - (V + E + ~(ei - e 2 )b)r] 2 = -m^ - m 2 r] 1 , 
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d 1 

2z- — 773 + (V + E - ~(ei - e 2 )b)r] 3 = mxr]x + m 2 i] 4 . (3.3) 
OX— 2 

The global electromagnetic field degree of freedom shows itself in all four equations. For e\ = —e 2 , 
b drops out of the first pair of the equations, and for e\ = e 2 of the second one. 
We see from these equations that 

T]*(E, -ex, -e 2 ) = rj 4 (E, e x , e 2 ), (3.4a) 



riZ(E, -e x , -e 2 ) = r] 3 (E, ex, e 2 ), (3.4b) 

so only half of all solutions correspond to physical particles. 

The conditions (3.4a-b) are modified in the case of the massless matter fields and vanishing total 
potential V, 

r}x{-E,ex,e 2 ) = r] 4 (E,ex,e 2 ), 
r} 2 {-E,ex,e 2 ) = i] 3 (E, ex, e 2 ), 



i.e., the negative energy solutions of rjx and r] 2 coincide correspondingly with the positive energy 
solutions of r]^ and rj 3 . Again only half of all solutions correspond to physical particles. 

The boundary and normalization conditions for rji (i = 1,4) deduced from the ones for the 
individual matter fields are 

»fc(L|L) = exp^Tr/^MOlO), 
7/i(-L|L) = exp^Tr^fh^OlO), 
77 4 (0[2L) = exp{227r(4 i) + 4 i) )}^(0|0), 



and 

dx- / dx + rj*(x-.\x + )rji(x-\x + ) = 1, 

-L J 

respectively (no summation over i). 

For the massless matter fields, mi = m 2 = and rji decouple from each other in Eqs. ( |3~2| ) - ( p.3| ) 
which are therefore simplified. In what follows we consider in detail the two-body problem for the 
massless matter fields. 

3.1 The case ^fj = <f^ = 



In |L2|] we put the self-potentials <f>fj$ equal to zero and solved Eqs.([3.2|)-(|3.3|) for the massless 



matter fields only in the presence of the Coulomb interaction and b treated as an external field. Here 
we want to give the same solution but without the additional assumption A (0,t) = used earlier. 
For this reason the expressions for the eigenf unctions and the spectrums given below are slightly 



different from the ones in |L2 
The solution is 



1 i i 1 

Vi, n = 7^ exp{--exe 2 h{x.,x + ) - -{E c l n + - {e x + e 2 )b)x + }, (3.5) 
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1 i i 1 

Vtn = ^exp{--eie 2 J 2 (x„,x + ) - ~(E% >n + -{e x - e 2 )6)x_}, (3.6) 

where 

J 1 (z_,x+) = ^x +J D+(x + |L) +x+D_(x_|L) - 7^jy£+, 
J 2 (x_,x+) = -s_iP_(a;_|L)+x_D + (x + |L) + — xi. 

The eigenvalues E° n , E^ n are determined by the boundary conditions. From the boundary condition 
connecting the values of r\\ at the points (sc_ = , x + = 0) and (sc_ = , x + = 2L) we get 

1 r 2L 2nn 1 

E tn = -^J Q dzV(0,z) + — --(e 1 + e 2 )b, neZ, 

while the boundary conditions connecting the values of i] 2 at (x_ = , x + = 0) and (x_ = ±L, 
x + = L) give 

1 /" L 27m 1 

U = ]_ h dzV ( z M + — - 2^ ~~ ^ ^ G Z ' 

For 1/ = (with the assumption Ao(0, i) = both parts of the Coulomb potential <p + and 0_ 
would be asymmetric [12] ), we easily evaluate the integrals, so the spectrums become 



E{ n = -^e 1 e 2 L + ^-n - ~(ei + e 2 )6, 
5 T 2tt 1. 

The eigenfunctions rj^ n and 774 n are obtained from Eqs. (|3.5|)-(|3.6|) by making use of the relations 
(3.4a-b), the corresponding spectrums being 

nc 5 27T 1 



= -^eie 2 L + + i(d + e 2 )6, n £ Z. 



The superscript "c" indicates that the eigenfunctions rf in and the eigenvalues E? n represent the 
solution of our two-body problem in the presence of the Coulomb interaction, but without the self- 
potentials. 

The boundary conditions fix also the phases 



-(i) _ ,.(4) _ ri) _ , (4) 



n 

K l,n = K l,n = ~~ K 2,n = ~ K 2,n = ~7^i 

(2) (3) (2) (3) n 

™l,n ~ "'l.n ~~ ^2,11 — ^2,11 — 2 ' 



3.2 The case (fiffi ^ 0, <^ ^ 



Let us now solve Eqs. (|3.2| )- (|3.3| ) in the presence of the self-potentials. In the self-field approach 
to quantum electrodynamics in four dimensions the self-field effects are calculated by an iteration 
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procedure. To lowest order of iteration we take the fields to be given by the solutions without the 
self-energy terms, and the energies to be shifted by a small amount: 

Vi,n Vi,ni 

E n = E c n + AE n . 

But in two-dimensional quantum electrodynamics for some problems we need not apply the 
iteration procedure, because these problems can be solved exactly. We show below that it is the case 
for the two-body problem in the massless 2-dim QED. 

For the vanishing matter masses , the general structure of the solutions to the Eqs.( [3.2|) -( |3.3|) 
with the self-potentials is the same as of the corresponding solutions in the case when the self-field 
effects are neglected. All the solutions are exponents. So if these solutions are normalized, they fulfil 
the conditions ^ 

tiVi = ^2, i = M- 

The bilinear combinations $(7° ® 7°)$ which enter the expressions for the self-potentials can be 
therefore easily evaluated as 

_ 4 1 

$(7°®7 )$ = E^ = 7^ 
i=\ L 

The self-potentials take the exact and closed form 

< = T& 2 + ¥>' 

In terms of the center of mass and relative coordinates the self-field part of the total potential V 
becomes 

ei0g f + e 2 0g f = —(el + e 2 2 )(x 2 + + x 2 _) + — (e? - 4)x + x- + -(ej + e 2 ), 

i.e., only for e\ = ±e 2 the self-potentials do not destroy the additivity of the center of mass and 
relative Hamiltonians. 

With the self-potentials, Eqs.(EO)- (pO) are solved by the eigenfunctions 



where 



1 i i 1 

Vhn = 77j-exp{--eie 2 /i(x_,x + ) - -(E hn + ~(e x + e 2 )b)x + 

— 2~ e i^i ^( x ~ ,x+ ^ ~ (3-7) 

1 i i 1 

V2,n = —exp{--e 1 e 2 l2(x^, x + \a) - -{E 2>n + ^(ei - e 2 )b)(x- - ah) 

~ ^eiJ 2 (1) (x_,x+|a) - l -e 2 2 jf\x^,x + \a)}, (3.8) 
I 2 (x-,x + \a) = ^x__D_(x_|L) + (x- - aL)D + (x + \L) + — -i— a: 3 ^ + J 2 (0, 0\a), 
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and 



21 



a 2 (2a + 3) for a < 0, 



/ 2 (0,0|a) 



ga 2 (2a-9) for a > 0, 



while 



J?{x-, x+) = ^((x+ + x-f ~ x 3 _) + ^r + , 

1 L 

j; 2) (a;_, x+) = — ((x+ - x_) 3 + x 3 _) + -x+, 

j£\x-, x+\a) = ^((x+ + x-f - (x + + aL) 3 ) + - aL), 

4 2) (x_,x + |a) = 2|l(-(^+ -^-) 3 + (x+ - aL) 3 ) + - aL). 

The constant a depends on the charges e±,e 2 , namely, a = (e 2 — e{)/{e 2 + e\) for e x 7^ ±e 2 and 
a = for e\ = ±e 2 . In the Coulomb case when the self-potentials are not taken into account, a 
vanishes, and 

I 2 (x-,x + \0) = I 2 (x-,x+), 

the functions r)i >n , r) 2>n reducing to the Coulomb eigenfunctions rj{ n , r] 2n . 
The eigenvalues acquire a shift, 

E 1 , n = E^ tn + AE 1 , (3.9a) 

E 2 , n = El n + AE 2 , (3.9b) 
which is nothing else than the self-energy 

1 r 2L 
'0 



A^i = ~ J o dz(e l( f>^(0, z) + e 2 0g f (O, 2)), 
A£ 2 = ~ dz(e l( f>^(z, L) + e 2 0g f (z, L)). 



The shift is the same for both spectrums 

5 5 

AEi = AE 2 = AE = e?L e 2 L. 

12 1 12 2 

The eigenfunctions rj 3n , r\^ n are related to 771^, r\ 2 , n by Eqs.(3.4a-b), the corresponding spectrums 
being shifted by the same amount AE. 

The self-potentials contribute also to the boundary conditions phases 



K (l) _ 


K (l) 


n 
" 2 


+ < f 




„(2) 


n 
~ 2 


+ /t^ elf 
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where 



self _ (ei-e?)I/ 



1 327T 

«l elf - (ei + e2)2L2 a(2-a 2 ). 

2 32tt v y 

The additional phases vanish in the case e\ = ±e2- 

With the Coulomb and self-interaction shifts, the spectrums for e\ = — e 2 = e , for instance, 
become 

1 2t 2tt 
■Ei, n = L + ~^ n ' 

1Z ij 



Eqs.(3.7)-(3.9) represent the complete and exact solution of the two-body problem for the massless 
matter fields. 



4 EQUIVALENCE 

In the pair of Dirac equations formulation, the Coulomb potential is included into the self-field 
terms. With the assumptions that the composite matter field does not depend on the relative time 
and ti = t 2 , the total self-potential coincides with the corresponding one in the single two-body 
equation formulation and can be evaluated exactly as 

r lf (*) = ^(* 2 + y). 



It is time-independent and satisfies the compatibility condition (|2.19|) . 

The eigenvalue problem for the two-body Hamiltonian reduces to the system of two equations for 
each component of the composite field. For rji, we have 

(II 1 — V — E)r]i = 0, (4.1) 

(tt 1 - U) m = 0, (4.2) 
where the last equation means the vanishing of the relative energy, and 

ry I ry ry ry 

self / ~t~ \ i „ jsclf/ x + x -\ 



V(x.,x + ) = e l r l \ „ ) + e 2 



ry I ry ry ry 

self I x + i x - \ „ iself/ x + x - 



2 r v 2 

[/ (x_, x + ) = ei 
The potentials V and {7 fulfil the relations 

dV dU 
<9x_ dx + ' 

dV dU 

dx+ dx_ 



(4.3a) 
(4.3b) 
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the first one being the compatibility condition for Eqs.(4.1) and (4.2). 
The general solution of (4.1) is 



(x-,x+) = Xi(x-)exp{~J + dzV(x_,z) - l -(E + ]^(e l + e 2 )b)x + }, (4.4) 



where xi is a function depending only on the relative coordinate x_. 

Substituting this solution into (4.2) and using the relations (4.3a-b), we get the equation for xi, 

(7T 1 -f/( a :_,0))xi = 0, 

which is solved by 

1 f x - 1 

Xi(x-) = exp{-- / dzU(z,0) - 7 (ei-e 2 )bx-}. (4.5) 

2 Jo 4 

Although the solution (4.4)-(4.5) includes both potentials V and U , only the potential V contributes 
to the eigenvalue spectrum. Indeed, Xi(0) = 1 at the boundary points (x_ = 0,x + = 0) and 
(x_ = 0,x + = 2L). Since just the boundary condition connecting the values of 771 at these points 
determines the spectrum, the potential U drops out of this boundary condition, and for the spectrum 
we get the same expression as in the single two-body equation formulation. 

For the second component i] 2 , the system of equations for the eigenfunctions is 

(tt 1 + V - E)t) 2 = 0, (4.6a) 

(II 1 + U) V2 = 0. (4.6b) 

The solution is given by 

i ,„ 1 



where 



1 rx- 1 I 

r] 2 (x-,x + ) = x 2 (a;+)exp{- j dzV(z,x + ) - -(E + -(a - e 2 )b)(x^ - aL)}, (4.7) 

1 r x + i 
X 2 (x + )=exp{- dzll(0, z) - -(ei + e 2 )bx+}. (4.8) 

2 Jo 4 

From the boundary conditions relating the points (x_ = 0, x + = 0) and (x_ = ±L, x + = L) and 
with = we get the following condition determining the spectrum 

772(-L|L) = 772(L|L). 

In both parts of this condition we have the function x 2 (^+) taken at the same center of mass 
coordinate x + = L, so the potential U drops out again. 

Thus, in both formulations the eigenvalue spectrums coincide. This proves that the two formula- 
tions are equivalent to each other in the spectrum problem. 



5 DISCUSSION 

l. For (l + l)-dimensional self-field QED, we have presented two different formulations of the two- 
body problem in accordance with two different types of variational principles. These two formulations 
are closely related but not identical. In the first formulation we vary the action with respect to the 
composite matter field and get a single two-body equation. In the second formulation we require 
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the action be stationary with respect to the individual fields. This condition is stronger and leads 
to a pair of equations for the composite field. In addition to the two-body equation we have an 
equation including the relative energy. While the single two-body equation formulation is one-time 
formulation without any restrictions on the self-potentials, the second formulation has in general 
two time coordinates. Only for a special time dependence of the self-potentials one of the time 
coordinates, i.e., the relative time can be eliminated. 

We have shown that for the massless matter fields the eigenvalue spectrums of the two-body 
Hamiltonian in both formulations coincide. The two formulations are therefore equivalent in the 
spectrum problem. Nevertheless, the second formulation with two compatible equations on the same 
composite field provides more complete information about the eigenfunctions. The single two-body 
equation does not fix the eigenfunctions uniquely. We can multiply the components rji and 7/4 by an 
arbitrary function depending only on the relative coordinate x_ and the components 77 2 and 773 by 
one depending only on x + . 

2. We have proved that the relativistic two-body problem in the massless two-dimensional quan- 
tum electrodynamics is exactly soluble. In the single two-body equation formulation, we have solved 
the covariant two-body equation with both mutual and self-interactions and found the eigenfunctions 
and the spectrum of the two-body Hamiltonian. 

For the massive matter fields, the eigenvalue problem for the two-body Hamiltonian becomes 
essentially more complicated. In this case, 77's are not decoupled in the system of equations (3.2)- 
(3.3). If we try to decouple them, then we arrive at a set of second-order differential equations which 
can be solved only in some approximation. We can take the masses mi , m 2 as small parameters 
and consider the mass contribution to the two-body Hamiltonian eigenfunctions and eigenvalues as 
small corrections to the corresponding eigenfunctions and eigenvalues for the vanishing masses. The 
discussion of the massive case will be given elsewhere. 

There is an essential difference in the Coulomb and self-interaction shifts in the spectrums. The 
Coulomb interaction shifts the discrete energy spectrums by a value which is different for £ 1|B and 
E2, n {E^ n and E^ n ) , the difference being equal to y^eie 2 L , while the self-interaction shift is the 
same for all four spectrums. 

If we call formally the first and second components of the two-component fields ipk as "up" and 
"down" components, then the two-body system states described by rj i n {i = 1,4) can be interpreted 
correspondingly as "up-up", "up-down", "down- up" and "down-down" states. The Coulomb inter- 
action shift is therefore the same for the "up-up" and "down-down" states and takes a different value 
for the "up-down" and "down-up" states. Thus we can recognize the effects of spin-spin interactions 
in the first quantized theory. 

For arbitrary values of ei,e2, all the spectrums Ei jTl depend on the global electromagnetic field 
degree of freedom b. The global degree of freedom contribution to the spectrums is specific to models 
defined on the circle. For models on the line, the electromagnetic field has neither local nor global 
physical degrees of freedom and so can be eliminated completely from the two-body Hamiltonian. 

For ei = — e 2 , only the spectrums _E 2 ,n and E^ n corresponding to the "up-down" and "down-up" 
states , and for e\ = e 2 only Ei >n and E^ n corresponding to the "up-up" and "down-down" states 
depend on b. 

3. The standard SM with a single matter field of charge e is equivalent to the theory of a free 
scalar field with mass e 2 /7r 0. In our work, we have looked at the SM from a different point of 
view. We have constructed the mass spectrum for the model with two matter fields. The spectrum 
obtained does not contain the boson of the SM. This result is not surprising. It is well known from 
the second quantized version of (1 + l)-dimensional QED that only on light front the SM boson can 



be represented as a bound state of two fields, fermion and antifermion [14, 15]. The study of the 
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self-field SM on light front was given in |16] 



In (3 + l)-dimensions the formulations presented above give us a possibility to make calculations 
for real two-body systems. In the self-field approach, the single two-body equation formulation was 
used in |J to calculate the energy spectrum for positronium and muonium. In the framework of the 
constraint approach, the pair of Dirac equations formulation was applied to the phenomenological 
calculation of the q — q meson bound state spectrum as well as to the study of the dynamics of 
quarkonium systems || |J. Both formulations produce results which agree with experiment. However, 
to clarify the difference between the two formulations in (3 + l)-dimensions an analytical work along 
the lines given in the present paper for (1 + l)-dimensions is needed. 
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